This paper deals with the attitude control of a rigid spacecraft with two reaction wheels. First, we derive a discontinuous state feedback law based on Lyapunov control. The control input is obtained by multiplying the gradient vector of the Lyapunov function by a matrix that is composed of a symmetric matrix and an asymmetric one. Under this method, when the angular momentum of the system is zero, the desired point is the only stable equilibrium point of the controlled system. Next, we investigate the behavior of the controlled system when the angular momentum of the system is not zero but small. In this case, the system converges to either a limit cycle or an equilibrium point which is not the desired point1 however, in both cases, the error in attitude remains small.
INTRODUCTION
Two types of actuator, gas jet thrusters and reaction wheels, are commonly used for attitude control of spacecraft. Gas jet thrusters control the attitude by external torques caused by the emission of the mass, while reaction wheels control the attitude by internal torques caused by rotation of the wheels. These actuators are usually located to produce three independent torques about the principal axes of inertia of the spacecraft. Is attitude control still possible when a failure in the actuators occurs and a torque about one of the axes is disabled? This question is important from a practical point of view. In the case of gas jet thrusters, attitude control is still possible (Crouch, 1984) , but there exists no smooth time-invariant state feedback controller (Byrnes and Isidori, 1991) . A time-varying feedback controller has been proposed by Morin and Samson (1997) . On the other hand, in the case of reaction wheels, the system can be expressed as a non-holonomic system where the angular velocities of the wheels are control inputs (Murray and Sastry, 1993) .
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It is well known that non-holonomic systems cannot be stabilized to an equilibrium point by any smooth time-invariant state feedback law (Brockett, 1983) . The controllers that have been proposed so far are classified as time-varying controllers and discontinuous timeinvariant controllers. The idea of time-varying controllers was originated by Samson (1995) . On the other hand, discontinuous time-invariant feedback controllers have been proposed by Khennouf and Canudas de Wit (1996) , Astolfi (1996) , and others. In aerospace engineering, attitude control of a spacecraft with only two reaction wheels is actively researched as an example of non-holonomic systems (Krishnan et al., 19951 Leonard and Krishnaprasad, 19951 Walsh and Sastry, 19951 Yamada et al., 1998) .
We have proposed a method of designing a controller for a non-holonomic system by extending the Lyapunov method (Tsuchiya et al., 2002) . By this method, we first define a positive-definite function (Lyapunov function) which attains its minimum value at the desired point. Then, we make a matrix which is the sum of a symmetric positive-definite matrix and an asymmetric matrix, and construct the control input by multiplying the gradient vector of the Lyapunov function by the matrix. When such an extended Lyapunov control method is applied to a non-holonomic system, the controlled system does not have a stable equilibrium point, except at the desired point, and converges to the desired point if the controllability of the system is guaranteed. The designed controller is a discontinuous time-invariant feedback controller.
In this paper, we discuss attitude control of a spacecraft with two reaction wheels. In Section 2, we derive the equation of motion of the system. In Section 3, a basic equation for control is derived from the equation of motion for the case where the angular momentum of the system is zero, and a feedback controller is constructed based on the extended Lyapunov control method. Section 4 shows that the controlled system converges to the desired point exponentially. This controller is designed under the condition that the angular momentum of the system is zero. From a practical point of view, it is important to examine the influence of the residual angular momentum of the system on the performance of the controller. Finally, in Section 5, the behavior of the controlled system is investigated in more detail for the case where the angular momentum of the system is not zero but small.
EQUATION OF MOTION
We consider a spacecraft composed of three rigid bodies: the main body and two wheels, as shown in Figure 1 . Each wheel is axisymmetric with respect to the rotation axis and driven by its own motor torque.
The main body and the wheels are labeled as body 0, 1, and 2, respectively. We introduce a set of unit vectors fixed in body i 1i 3 03 13 22. The origin of 1 a 102 2 is the total center of mass of the three bodies and can be assumed to be identical with the origin of 1 a 1212 2 . The directions of a 102 j 1 j 3 13 23 32 are the directions of the principal axes of inertia of the total system. The origin of 1 a 1i2 2 is the center of mass of the body i (i 3 13 2). The direction of a 1i2 3 coincides with the direction of the rotation axis of wheel i (i 3 13 2). The wheels are placed on the main body so that a 1i2T 3 a 102 3 3 0 (i 3 13 2). Using these sets of unit vectors, we define the following column matrices: 
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The following vectors are introduced. 1 1k3l2 is the angular velocity of 3a 1k2 4 with respect to 3a 1l2 4. These vectors can be expressed as
and r 1i2 is the position vector from the origin of 3a 102 4 to the origin of 3a 1i2 4 r 1i2 1 3 a 102 4 T r 1i2 1i 1 13 223
where the equation b 1 [a 1i2 ] T b defines b as the expression of the vector b in the frame 3a 1i2 4. The following coordinate transformation matrices are defined: A 1k3l2 is a coordinate transformation matrix from 5 a 1l2 6 to 5 a 1k2 6 . The state variables are introduced as follows:
The kinetic energy T of the total system can be expressed as
where H 3
Here, I is a 3 9 3 unit matrix and 0 is a 3 9 3 zero matrix. We use the following quantities: m 102 is the mass of the main body1 m 1i2 is the mass of wheel i (i 3 13 2)1 J 102 is the inertia matrix of the main body about the origin of 4a 102 5 expressed in the frame 4a 102 51 J 1i2 is the inertia matrix of wheel i about the origin of 4a 1i2 5 expressed in the frame 4a 1i2 5 (i 3 13 2). For a vector p T 3 [ p 1 3 p 2 3 p 3 ], a matrix 8 p is defined as follows:
The equation for computing the generalized momentum 6 L for the state variable x can be given as
The physical interpretation of the components of 6 L is as follows: 6 L 102 is the angular momentum of the total system about the origin of 1 a 102 2 expressed in the frame 1 a 102 2 1 and 6 L 1i2 is the angular momentum of wheel i about the origin of 1 a 1i2 2 expressed in the frame 1 a 1i2 2 (i 3 13 2). Using 6 L, the equation of motion is derived as a 102 8 T 6 L 102 is conserved:
Here, J t is the inertia of the total system about the origin of 1 a 102 2 expressed in the frame 1 a 102 2 , H 0 is the residual angular momentum of the total system about the origin of 1 a 102 2 expressed in the frame 1 a 1212 2 , z i is the rotation axis of wheel i expressed in the frame 1 a 102 2 (i 3 13 2), j 1i2 3 is the inertia of wheel i about the rotation axis and 9 i is the angle of rotation of wheel i. We can express J t and z i as J t 3 diag4J t1 3 J t2 3 J t3 5 and z i 3 [z i1 3 z i2 3 0] T respectively.
In this paper, the Euler parameters are used for expressing the attitude of the main body of the spacecraft: 
where e 2 0 7 e 2 1 7 e 2 2 7 e 2 3 3 1. When 
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The coordinate transformation matrix A 103212 is expressed using the Euler parameters as follows:
A 103212 3 e 2 0 7 e 2 1 2 e 2 2 2 e 2 3 21e 1 e 2 7 e 0 e 3 2 21e 1 e 3 2 e 0 e 2 2 21e 1 e 2 2 e 0 e 3 2 e 2 0 2 e 2 1 7 e 2 2 2 e 2 3 21e 2 e 3 7 e 0 e 1 2 21e 1 e 3 7 e 0 e 2 2 21e 2 e 3 2 e 0 e 1 2 e 2 0 2 e 2 1 2 e 2 2 7 e 2 3 4 (14)
The attitude of 4a 102 5 with respect to 4a 1212 5 can also be expressed using Euler 1-2-3 angles, 9 102 1 , 9 102 2 , and 9 102 3 . The Euler angles are transformed into the Euler parameters using the following equations: 
DESIGN OF THE CONTROLLER
Based on the equation of motion (8) and the law of conservation of angular momentum, equation (11), a basic equation for control can be derived, and a controller that makes the attitude of the main body of the spacecraft converge to the desired one when the residual angular momentum H 0 is zero can be designed.
Basic Equation for Control
From equations (8) and (11), the following equation for the rotation angles of the wheels is obtained:
From equations (11), (19), and (20), we obtain
We make the following assumptions. The residual angular momentum of the spacecraft H 0 is zero, u 1 and u 2 are input variables of the system, and the Euler parameters e are the controlled variables. Based on the above equation and equation (13) 
The Controller
We have proposed a method of designing a controller for a class of non-holonomic systems by extending the Lyapunov control method (Tsuchiya et al., 2002) . The desired point is set to the origin, e 3 [03 03 0] T , and the following Lyapunov function is introduced,
The input vector is constructed as
where and are positive constants:
The input described by equation (25) is undefined at the points where g 3 0. In order to remove the singularity, 1g 2 B T V is defined as 0 when g 3 0. Moreover, we assume that the initial value of e satisfies the condition that g 3 0. If g 3 0 at the initial point, it is easily possible to obtain the condition by using an open-loop control during a finite time.
BEHAVIOR OF THE CONTROLLED SYSTEM
When equation (25) is used as input, the basic equation (22) becomes
The analysis that was conducted in a similar way as in Tsuchiya et al. (2002) shows that the system described by equation (28) converges to the origin exponentially. In the following, this result is summarized briefly. With equation (28), the derivative of V 1t2 is computed as
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Equation (29) shows that the controlled system converges to the line, B T V 3 0, which coincides with the e 3 axis, e 3 [03 03 e 3 ] T , from equation (27). Since equation (28) is discontinuous on the axis, we modify equation (28) as follows:
When is a small positive constant, by linearizing equation (30) near the e 3 axis, the stability of the points on the e 3 axis is revealed as follows:
As approaches zero, equation (30) approaches equation (28) and the origin becomes the only stable equilibrium point of the system. Therefore, the origin is the only stable equilibrium point of the system (28).
In the neighborhood of the origin, by neglecting the small terms, we obtain the following equations for e 3 and g from equation (28): e 3 3 2e 3 3 (32) g 3 2 4 g 7 4g e 2 3 4 (33)
From equations (32) and (33), the approximate solutions of the variables e 3 and g can be obtained,
g 3
where C 0 and C 0 are constants. These solutions lead to the following result. When 2, since e 3 g 2 diverges to infinity as time advances, the system moves spirally about the e 3 axis and converges to the origin. In contrast, when 2, e 3 g 2 converges to zero with time. Therefore, the system converges to the origin, but does not move spirally about the e 3 axis. By taking account of the oscillation and the magnitude of the inputs, it is recommended to set the parameters and so that 2.
BEHAVIOR OF THE CONTROLLED SYSTEM WITH SMALL ANGULAR MOMENTUM
In this section, the behavior of the controlled system is investigated for the case where the residual angular momentum of the system, H 0 , is not zero but small. The angular momentum of the system is expressed as
From equations (13) and (21), the basic equation of the system with the input of equation (25) becomes
When H 0 is enough small, the relation that B1 I 7 1e 3 g 2 2J 2B T V 1122Q J 21 t A 103212 H 0 holds except near the origin. Therefore, we assume that the system described by equation (37) converges to a neighborhood of the origin and we investigate the behavior of the system near the origin (e 1 3 e 2 3 e 3 1). Near the origin, the second term in the right-hand side of equation (37) can be approximated as
where f 1 , f 2 , and f 3 are the constants corresponding to h 1 , h 2 , and h 3 , respectively, which are the angular momenta along the principal axes of inertia of the spacecraft in the desired attitude. Moreover, near the origin, the following equations for e 0 holds approximately: e 0 1 2 1 2 1e 2 1 7 e 2 2 7 e 2 3 23 (39) e 0 4 e 0 1e 2 1 7 e 2 2 2 7 12e 1 f 1 2 e 2 f 2 2 e 3 f 3 24
Therefore, for the sake of simplicity, we assume that e 0 3 1 in the following. Using equation (38), the basic equation (37) The derivative of the variable g can be calculated as g 3 g 3 2 4 g 7 4 e 2 3 g 7 1 4g 412e 1 f 1 2 e 2 f 2 2 e 3 f 3 21e 2 1 7 e 2 2 2 7 1e 1 f 1 7 e 2 f 2 254 (42) From equation (41), the derivative of the variable e 3 becomes e 3 3 2e 3 7 f 3 4
The solution of the variable e 3 is obtained as
where C is a constant. On the other hand, by substituting equation (44) into equation (42) and neglecting the small terms in equation (42), the derivative of the variable g can be expressed as g 3 2 4 g 7 4g Ce 2t 7 f 3 2 7 1 4g 1e 1 f 1 7 e 2 f 2 24
First, we show that the variables e stay in the small region near the origin. We introduce a small quantity f 0 such that f 1 3 f 2 f 0 . Since the relation that e 1 3 e 2 2g holds, the following inequality is obtained from equation (45):
g 2 4 g 7 4g
Ce 2t 7 f 3
